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Abstract 

We consider the Dirichlet problem in a wedge for parabolic equa- 
tion whose coefficients are measurable function of t. We obtain co- 
ercive estimates in weighted Lp^g-spaces. The concept of "critical ex- 
ponent" introduced in the paper plays here the crucial role. Various 
important properties of the critical exponent are proved. We give 
applications to the Dirichlet problem for linear and quasi-linear non- 
divergence parabolic equations with discontinuous in time coefficients 
in cylinders x (0, T), where is a bounded domain with an edge or 
with a conical point. 



1 Introduction 

Consider the parabolic equation 

Cu = dtu{x; t) — Aij(t)DiDju{x; t) = /(x; t). (1) 

Here and elsewhere Di denotes the operator of differentiation with respect 
to Xi] in particular, Du = {Diu, . . . , Dnu) is the gradient of u. By dtu we 
denote the derivative of u with respect to t. 

The only assumptions about the coefficients in ([T]) is that Aij are real 
valued measurable functions of t such thalQ 

i^l^l"^ < Aij{t)^i^j < ij-^l^l"^, ^gM", u = canst >0. (2) 



^We may suppose also Aij = Aji witliout loss of generality. 
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In [9], [To] it was shown by Krylov that for coercive estimates of dtu and 
D{Du) one needs no smoothness assumptions on coefficients Aij with respect 
to t. The only assumption which is needed is estimate ([2]). Solvabihty results 
for the whole space M" x M for equation ([1]) in Lp^q spaces were proved in [9] ; 
solvability of the Dirichlet problem in the half-space x M was established 
in weighted Lp g spaces by Krylov [10] for particular range of weights and by 
the authors [8] for the whole range of weights. 

This paper addresses solvability results for the Dirichlet problem to ([T]) 
in the wedge. Namely, let i^' be a cone in M™, 2 < m < n, and let /C = 
K X M""™-. We assume that uj = i^flS™"^ is of class C^'^. We underline that 
the case m = n where JC = K is not excluded. We are looking for solutions 
to the following Dirichlet problem 

Cu = f in /C X M; u = on dIC x R. (3) 

When the coefficients are independent on t, solvability results in weighted 
L2 spaces and even asymptotic decomposition for solutions of problem 
in the case of the cone (n = m) were obtained in [S]-[S:j- In the case of 
the dihedral angle (m = 2) weighted Lp-coercive estimates were proved in 
[T7] (see also [16] where solvability in Holder classes was established); for 
arbitrary wedge these estimates and corresponding estimates in anisotropic 
spaces were established in ^14j. In the constant coefficient case by using a 
change of variables the elliptic part of the operator in ([T]) can be reduced 
to the Laplacian, for which the interval of the admissible weights in the 
coercive estimates is described in terms of the first positive eigenvalue Xt> 
of a quadratic operator pencil associated with the Beltrami-Laplacian on u, 
see [S], [2]. If coefficients depend on t the above reduction is impossible. 
We define the critical exponents of C in /C, which can be considered as a 
generalization of A© onto the case when coefficients depend on t. This critical 
exponents coincide with A© when Aij{t) = 6ij, i.e. ([1]) is the heat equation. 
Other important properties of A^ are established in Theorem |2l 

In order to formulate our main result let us introduce two classes of 
anisotropic spaces. For 1 < p, g < cxd we define Lp g = Lp q{lC x M) as a space 
of functions with the finite norm 

||/||p,.= ||||/(-;t)IU||g,^= ( j ( j \f{x-t)\^dxy''dtf'\ 

M K. 
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Similarly, the space Lp g = Lp q{IC x M) consists of functions with the finite 
norm 

P,.= ||1I/(^,-)II.,m|U= f / ( [ \fix;t)\^dtY'dx]'^' 



K. 



We denote by W'^''^ , ^ and W'^''^ , ^ the sets of functions with the finite 
norms 



and 



\x\>'dtu\\p,,+ \\\x'\^D{Du)\\p,,+ \\\x'\^-\\\p, 



respectively. 



Theorem 1. Let he the critical exponents defined in Sectj2l Suppose that 

2 A+ < /i < m h A;:. (4) 

p p 

Then for any f G Lp g (respectively, for f G Lp g) there is a solution of the 
boundary value problem (|3]) satisfying the following estimates: 

hiu^.i <c\\\xrf\w, (5) 

\\u\\^2,i <C||||a;r/IU (6) 
This solution is unique in the space (respectively, W^pg (^)y'- 

Our paper is organized as follows. The critical exponents A^ of the op- 
erator £ in /C are defined in Section |2l where we present also their various 
properties. In Section [3] we estimate the Green function of the B VP (E]) and 
its derivatives. Theorem [1] is proved in Section HI In Section [5] we give some 
applications of this result to the Dirichlet problem for linear and quasi-linear 
non- divergence parabolic equations with discontinuous in time coefficients in 
cylinders Q x (0,T), where f2 is a bounded domain with an edge or with a 
conical point. Auxiliary estimates are collected in the Appendix. 
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Let us introduce some notation: x = {x',x") = {xi, . . . ,Xn) is a point in 
M" (here x' = {xi, . . . , x^) e M'^ and x" = {xm+i, . . . , x„) e M"""*); (x; t) is 
a point in 

If Q is a domain in then dQ stands for its boundary. For a cyhnder 
Q ^ftx {ti, ^2), we denote by d'Q = (9Q x {ti, ^2)) U (Jl x {ti}) its parabohc 
boundary. 

For a; G /C, (i(a;) is the distance from x to and = 

For < 9 < n, = {x' G : x', Xi < 6*} is a circular cone. 

B^(xo) = {x G : |x - xol < R}; Bl = B]^{0); 
QRixo;to) = B^^{xo)x (^o-i?^^o]; Qfi = Qi?(0;0); 

2?«(^o;to) = Sp^R(x-o)x (^o-i?^^o]; Qj;^ = Q?i?(0;0); 

Bf(xo)=Sf,«(xo); = Sf(0); 

Qf (^o;to) = Qlnixo-M, Ql = (0;0). 

The indeces i, j vary from 1 to n while the indeces A;, i vary from 1 to m. 
Repeated indeces indicate summation. 

By V((5i?(2;o; ^o)) we denote the set of functions u with finite norm 

lkllv(Qfl(a;o;to)) = SUp \u{t , ■)\^l-,(,Br{x^)) + ||-Dli||L2(Qfl(^o;to)))- 
re]to-R2,to] 

We write u G Vioc(Qi?(a;o; ^o)) if « G V(Qi?'(xo; to)) for all K G (0,i?). Simi- 
larly we define spaces V(Q^(xo;to)) and Vioc(Qr (a^o; to))- 

We use the letter C to denote various positive constants. To indicate that 
C depends on some parameter a, we sometimes write C(a). 

2 Critical exponent 

We define the critical exponent for the operator L and the wedge /C as the 
supremum of all A such that 

\u{x-t)\<C{\K)i}^\ sup \u\ for (x;t) G Qf/2(0;to) (7) 

for a certain k G (1/2, 1) independent of to, R and u. This inequality must 
be satisfied for all to G M, i? > and for all u G Vioc(Qfl (0; to)) subject to 

£xi = in Q^(0;to); A.^qk^^- (») 
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We denote this critical exponent by A;t = A^(/C, £). Since A = satisfies ([7]) 
we conclude that Ac > 0. 
We also consider operator 

C = dt-A,j{-t)D,D^. (9) 

The elliptic part of this operator evidently satisfies ([2]). We introduce the 
critical exponent for the operator C and the wedge /C and define A^ = 
A^(/C,£) = A^(/C,£). Note that all the properties below will be proved 
simultaneously for A^. 

Remark 1. Consider the initial-boundary value problem 

Cu = f in lCxR+; u = on [dK x M+) U (/C x (10) 

where coefficients Aij{t) are given only for t > 0. In this case we should 
slightly change the definition ofX^iJC, C) by assuming additionally tQ—R^ > 
in ([7]). Correspondingly, in the definition o/A;t(/C,£) we assume additionally 
to < zn dZD. 

Lemma 1. The above definition of Xf{]C, C) does not depend on k E (1/2, 1). 

Proof. We have to show that any solution to ([8]) satisfying ([7]) with some 
A and k = ni satisfies this estimate with the same A and k, = K2- This 
statement is trivial if ki < k,2, so we assume that 1/2 < ^2 < /«i < 1. 

Define p = f^^-R and consider the set of points (0, Xq'; tq) such that 
Q^^p(0, Xq'; To) C Q^i{(0; to)- Then direct calculation shows that 

Q^i^(0;to)c M Qf(0,x[;;ro). 

2 ' 2 ^-^ 2 

(o,x;;;to)GQ 

Applying ((Tj) with n = Ki and i? = p in Qf^(0, x'q, tq) for (0, x'q, tq) G 0, we 

2 

obtain 

|n(x;t)| < C(A,Ki)f^V sup |u| for (x; t) G ^ (0; to)- 
This implies ([ZD with k = and C(A, ks) = (|^)^-max{2^, ^(A, /ti)}. □ 
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Remark 2. Instead of ([7j) one can define the critical exponent as the supre- 
mum of all A in the inequality 

K^;^)l<^^ (^)'( / \u{x,mxdtf" (11) 



for {x]t) G Q^/2(0'^o); where k G (1/2,1) and the inequality must be valid 
for the same set of to, R and u as above. Clearly, ((Tj) follows from ( ITTl) . In 
turn, ([7]) implies (fTTi) due to the local estimate 

sup 1^1 < — ^ lln'^ { [ \u{x;t)\'^dxdt^ , (12) 



which holds for solutions to and 1/2<ki<K2<1 (see, e.g., fill Ch. 
Ill, Sect. 8]). 

Below we present some properties and estimates for for various ge- 
ometries of /C. 

Theorem 2. 1. A^ > 0. 

2. Let }CiC)C2. r/ien A+(/Ci,£) > A+(/C2,/:), A;(/Ci,£) > A;(/C2,/:). 



3. IfAjit) = 6,j then A^(/C,£) = Xv = + y/I^V^^, where 
Kx> is the first eigenvalue of the Dirichlet boundary value problem to Beltrami- 
Laplacian in u. 

4. Let K be an acute cone i.e. K \ {0} C M+ = {x' G : > 0}. 
Then Xf > I- 

5. IfK^ R"^ then Xf 1. 

6. Let C = dt - Aki{t)DkDe. Then XfilC, C) = Xt{K, C')- 



7. Xf > — Y + z/yAx) + . In particular, if k-p — ?■ oo then A^ — t- oo. 

8. Suppose that Aij is a piece-wise constant matrix. Namely, let —oo = 
To < Ti < T2 < ■■■ < Tn = +00, and let Aij{t) = A^^ for t G {Tk-i,Tk), 
k = l,...,N. Then 



, + .^ .-i^ . r(fc) _ m-2 / . (m-2)^ 
AJ(/C, £) = A. (/C, £) = mm AV, = hW mm H 

^ ' ' c \ ^ / k=l,...,N ^ 2 \ k=l,...,N ^ 4 



where is the first eigenvalue of the Dirichlet boundary value problem to 
Beltrami- Laplacian in the domain o;*-'^^ = ii'*^'^^nS'"~^ while the cones are 
images of K under change of variables reducing A^j to the canonical form. 

Proof. It is sufficient to prove all the statements for A^. 

1. Since dco G C^'\ the wedge K. satisfies the so-called A-condition, see 
[m Ch. I, Sect. 1]. By [11] Ch. Ill, Theorem 10.1], any solution of 
satisfies the Holder condition. Therefore, > 0. 

The only exception is the case of crack (m = 2, u; = \ {©o}, where 9o 
is a point on S^). In this case, one can transform K to a half-plane by a bi- 
Lipschitz mapping (r — )■ r and 6 — )• 6/2, where r and 6 are polar coordinates) 
and then apply [11,, Ch. Ill, Theorem 10.1]. Thus, in this case also Ajt > 0. 

2. This statement easily follows from the maximum principle. 

3. For smooth u this statement is well known (see, for example |lH 
Section 4]). For du G C^'^ we can approximate uj by smooth domains, and 
the required fact follows from the statement 2. 

4. Without loss of generality we can assume to = 0. Since K is acute, 
there exists < ^ such that K C K^. We define the barrier function ([151 
Lemma 5.1], see also [H Lemma 4.1]) by 

{x^-^ (x^)^ - cos\9)\x'\^ ctg\e)iy\xy |x'f - t 



^(^i ^) = — r^77^^ + 



p^+i sin'(^) 4p2 (sopf 
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Now we define 7 = 7(z/, 9) as a positive root of the quadratic equation 
7^ + 7 — ctg2(6')z/2 = and put 7* = min{l,7}. Then direct calculation (see 
flEi Lemma 5.1]) shows that if < 7 < 7*(z/, ^) then Cw > on the set 
Q^^sop- Moreover, w > on {x E d)C}, and w > C{9, u) on the other parts 
oi'd'Q^ . 

Now we choose p = p{m, n, z/, 9) such that Qp^sop Qr/4 consider 
arbitrary solution of Cu = in vanishing for {x G dK,}. By the maximum 
principle, for any ^ = (0,^") with |^"| < R/2 and for any r G (0, i?^/4) the 
inequality 

±u{x + ^',t — t) < C^^w{x] t) ■ sup (iw) 

holds in Q^^sop- Setting x" = and t = we obtain ([7]) with = | and 
A = 1 -|- 7*. This implies A^ > 1 -|- 7*, and the statement follows. 
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5. By the statement 2, it is sufficient to prove that if K — and ^ ^ f 
then A+ ^ 1. 

For any < 7 < 1, we have 

±C{x^f^^ > £(7) > in (5^ n M™) X W"" x M. 

By continuity, for any 7 > there exists 5 > such that the functions 

1T7 



'w^{x') — {^x'\ ■ COS (1 ± 5) • arccos [tT]^ ) 



satisfy 



±Cw^ > -£(7) in {Bf nK^^)x M'*"™ x 



1 
2 

with ^± = |(1 ± 5). Therefore, the functions 



- 1 _ . . . , , . \x"\^ - 1 



w'^{x;t) ^ 'w'^{x'/p) + — id {x;t) ^ w (x'/p)- 



satisfy ±Cw^ > in Qflfp if Si = Si(m, n, z/, 7) is large enough. 

It is easy to see that > on a; G dlC^+ , and w > C{6, v) on the other 
parts of d'Q^g^p. As in the proof of statement 4, this imphes A+(/C^+,>C) > 
1-7. 



Further, w < on all parts of d'Q^l besides {{x]t) : \x'\ — p}. If 



p — p{m, n, u, 7) is such that Qf^sip Q3R/4 then, by the normal derivative 
lemma, any positive solution of Cu = in vanishing for x e dfCi satisfies 
the inequality \Du\ > on the set d'Qfl'^ r){{x;t) : x' e dK'^- , \x'\ = p}. 
Thus, there exists a constant C such that w~ < Cu on d'Q^^'p fl {{x]t) : 
\x'\ = p}. By the maximum principle, u > C~^w~ in Qfsip therefore 

Since 7 is arbitrarily small, the statement follows. 

6. This statement is subtle and uses some properties of the Green func- 
tion. We underline that the proof of these properties does not use statements 
6 and 7. 

The inequality A+(/C,£) < X^{K,C) is quite clear, since the function 
u{x'; t) satisfying Cu = is a solution also Cu = in corresponding set. Let 
us prove the opposite inequality. We put A = min{A^(/C, £); A+(i^r, £') — 
1} — £ with a small £ > (by the statement 1 one can assume that A > —1). 
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Let u satisfy ([8]). Without loss of generality we assume to = 0. We rewrite 
the equation as C'u = /i + /2, where 

n n m n 

fi= Yl Mt)D^D,u, f2 = 2Y Yl M't)D^^D,u 

i=m+l j=m+l i=l j=m+l 

(we fix the variable x" G B"^^ and consider it as a parameter). 

Let C = C(''") be a smooth function on ]R_|., which is equal to 1 for r < 1/2 
and for r > 3/4. We put x{.x']t) = Ci\x'\/R)Ci^/\t\/R)■ Then 

C'ixu) = {xfi + u ■ C'x) + (x/2 - A^DkXDtu) =: F, + F^. 

Using the Green function for the Dirichlet problem for the operator C 
in K X R, we obtain 

t 

{xu){x'-t)= I I r'^ix', y'-t,s){Fr{y'-s) + F2{y';s))dy'ds. (13) 

-oo K 

Let = 1 — X + e. By Lemma [5|, the kernel 

T{x', y'; t, s) = -^-7— ■ T'k{x', y'; t, s) 



satisfies the inequality ( l69l) with p = oo, r = 2, Xi = X^{K,C') — 2 — e, 
X2 = X~{K,C') — e. Thus, Proposition [3] provides the estimate 

snp\x'\^-^\u{x';t)\ <C ■ sup \x'\^{\Fi{x';t)\ + \F2{x';t)\), (14) 

where C does not depend on u. Further, Lemma [3] gives for {x;t) G 

\Fi{x';t)\ < ^(yj sup \u\; \F2{x';t)\ < ■^[^) sup \u\. 
Therefore, estimate 0141) implies 



u{x';t)\ < C(^-^) ^ sup \u\ for {x';t) G Q 
V it / 



K 

R/2- 
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Since all above estimates do not depend on x" G B"^^^ this ensures 
A^(/C,£) > A + 1. Since e in the definition of A is arbitrarily small, the 
statement follows. 

7. By the statement 6 it's sufficient to prove this assertion for m = n, 
i.e. fC = K. Let u G Vioc(Qi|(0; to)) satisfy (j3]) (without loss of generality, 
to = 0). Then the following local estimate is valid (cf. ( IT2|) ): 

Hx'-t)\^ <Cp-"'-^ j \u{y';T)\^dy'dT, (x';t)GQf, (15) 
where p = \x'\ and 

V, = Ql ,(0;t)\Qf (0;t) = Uy'-r) ■.y'eK,^< \y'\ < G {t-^,t)]. 

2 '2 2 I. 2 / 4J 

From ( !T5|) . it follows that for any /i G M 

|«(x';t)|2 < Cp-^^-'^ j \yr^-My'\r)\'dy'dT. 



Now, using the estimate (1591) . we obtain 

|M(l/';r)lWf^r <C(^) sup 

OK ^3R/A 

for any /i satisfying the assumption of Lemma [3 Thus, the statement 7 
follows. 

8. By the statement 6 we can assume that m = n. For given to ^ and 
i? > 0, we introduce 

/i2= max |(Tfc,Tfe_i)n(to-i?',to-i?V4)|. 

fc=l,...,A'' 

Let, for example, min{to — -R^/4,Tj} — max{to — -R^,Tj_i} = h^. We fix 
arbitrary < A < min A^ and conclude by the statement 3 that 



k(a:';ti)| <C(A,-^)(My g^p \u\ for x' G Sf/^, (16) 
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where ti = minjto — Tj}, k = a/1 — h'^/K^. Moreover, Proposition [T] 

shows that 

\u{x';t)\<C{X,^)-r^ sup \u\ for x' e B^/^, t e ih,to). (17) 

Note that the equation dtu — A^jDiDju = 0, k = 1, . . . , N , has a solution 
Wk{x';t) = j . Therefore, function Wk{x';t) = ^-pj j is a 

supersolution of this equation. The relations (fT6|l and ( !T7|) and the maximum 
principle show that 

\u{x';t)\ < C{X, —) ■ max {wk{x';t)} ■ h'^''^ sup !«! (18) 
R fc=i,...,7V SiSi(0;to) 

for x' G -6^/2' ^ ^ (^i)^o)- Since h > C{N)R, the statement 8 follows. □ 

Remark 3. It will be interesting to study the question about validity of prop- 
erty 8 from TheoremlE for infinite number of layers, i.e. in the case 

■ ■ ■ < T_2 < T^i < To < Ti < T2 < . . . , T±k — ^ ±00 as k ^ +00, 

and Aij{t) is constant on intervals {Tk,Tk+i), /c G Z. 



3 Estimate of Green's function in /C x R 

3.1 Local estimates of solutions 

The following statement is quite standard. 

Lemma 2. (i) Letu G V\oc{Q r{xo; to)) solve the equation Cu = in Qr{xq] to) 
Then for any multi-index a the function D^u belongs to Vioc{Qr{xo] to)) o,nd 
also solves Cu = in Qr{xo; to). 

(ii) Let u G Vioc(Q^(0; to)) and satisfy (IHl)- Then for any multi-index a 
with a' = the function D°'u belongs to Vioc(Qr (0; to)) and satisfies ([8]). 

The next statement can be found (even for more general equations) in 
dH Ch. Ill, Sect. 11 and 12]. 
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Proposition 1. Let u G V{Qr{xq] to)) solve the equation Cu = in Qr{xq; to) 
Then 

C 

\Du\<— sup \u\ in QR/2{xo;to)- 

^ QRixo;to) 

Iterating this inequality we arrive at 

Corollary 1. Let u G V{Qr{xq] to)) solve the equation Cu = in Qr{xq] to). 
Then 

(J 

\D°'u\<—— sup |m| in QR/2W\{xo]to). 

The next statement can be extracted from [11, Ch. Ill, Sect. 12] and [H 
Sect. 3]. 

Proposition 2. For sufficiently small 5 > 0, depending only on K , the fol- 
lowing assertion is valid. Let Xq G K,, r^^ < 6 and R < \x'q\/2. Suppose that 
u G V(Q^(xo;to)) solves the equation Cu = in QR{xQ;to), and u{x;t) = 
for X G die. Then 

C 

\Du{x;t)\<— sup \u\ m Qf/8(a;o; i^o), (19) 
^ Qf (^:o;to) 

where C depends on v , K and 5. 

Further, for \a'\ > 2 and arbitrary small e > 

ci(x)l"'l-2+^|D"'M(x;t)| < ^ sup \u\ m Qjw|(xo;to), (20) 

where C depends on v , \ol'\, K , 5 and e. 

Taking into account Lemma [21 we obtain the following estimate. 
Corollary 2. Let assumptions o/ Proposition |2] &e valid. If \a'\ < 1, then 

C_ 

2f {a;o;to) 



D'^u{x\t)\<—-r sup \u\ in Q^/gid (a;o; to), (21) 



where C depends on v, \a\, K and 5. 

If W\ ^ 2, then for arbitrary small e > 

rf(x)l"'l-^+^|D°^(x;t)| < J: ^ sup \u\ m Qj/gH (xq; to), (22) 
where C depends on u, \a\, K, 6 and e. 
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Lemma 3. Let u G Vioc(Q^(0; to)) o^'i^d satisfy ([8]). Let also X < Xc{}C,C). 

Then for any multi-index a such that \a'\ < 1 we have 

C(X) /Ix'K^-l"' 

\D"u{x;t)\<^i^^^ ^sup \u\ for {x;t) e Q%,{0;to). (23) 



4(0;*o) 



Proof First, let a' = 0. By LemmaEl D'^u G Vioc(Qf (0; to))- Using the defi- 
nition of the critical exponent and Remark[2l we obtain for {x; t) G Q^/2(0^ ^o) 

|DM^;t)|<^^ J \D'^u{y;r)\'dydTy" (24) 

with K G (1/2, 1). The right-hand side of can be estimated via iterations 
of the local estimate (see, e.g., (TTJ Ch. Ill, Sect. 2]) 

C(Ki,K2) II II 

(here ki < ^2). This gives 

\D-u{^;t)\ < (M)'(^ J \u{y;T)\'dydTy\ 

Qf«/8(0;to) 



which implies ( l23l) . 

For = 1 we apply Proposition [T] and the estimate ( |T9l) to D°'"u and 
use obtained estimate fl23l) for a' = 0. □ 



3.2 Green's function in /C x M 

Let us consider equation ([T]) in the whole space. Using the Fourier transform 
with respect to x we obtain the following representation of solution through 
the right-hand side: 



u{x;t) = / T{x,y;t,s)f{y;s) ds, (25) 
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where F is the Green function of the operator L given by 



det ( / A{T)dT 



s 




({jAiT)dT)-\x-y),ix-y)) 

s 



(47r)5 



exp 
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for t > s and otherwise. Here by A{t) is denoted the matrix {Aij{T)}. The 
above representation imphes, in particular, the following estimates for F 



where /c < 1 and a and /3 are arbitrary multi-indices. Here cr is a positive 
constant depending on u. 

Departing from F we can construct the Green function for the Dirichlet 
problem in /C x M. 

Lemma 4. For all {y; s) E K, x W there is a function u{x; t) — Fx;(x, y; t, s) 
satisfying the Dirichlet problem 



Lu = b{x - y)5{t -s) in /C x R; u\ = 0; u\ = (27) 



(the equation is understood in the sense of distributions). This function ad- 
mits the representation 



where x ^ C^(/C x R) is equal to 1 in a neighborhood of {y;t) and the 
function w{x;t) = T{x,y;t,s) belongs to V(/C x R). Moreover, the function 
Fx: satisfies the estimate for x,y & K, and t > s: 



Proof. Let C = C(t) be a smooth function on R_|_, which is equal to 1 for 



T < 1/2 and for T > 3/4. We put x{x; t) = C{\x-y\/d{y))C{V\t^\/d{y)). 



Then x £ ^^{K. x R). For sufficiently large R we introduce the notation 
0.R — X (s, oo) and consider the Dirichlet problem 



Cu^-dtxT + 2AijDixD^.T + TA,jD,DjX in Qr; ^led'Qa^^- 
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Ticix, y; t, s) = x{x; t)T{x, y; t, s) + T{x, y; t, s), 



(28) 




(29) 



This problem has a unique weak solution in the space V(nij), see, e.g., [HI 
Ch. Ill, Sect. 3 and 4]. We denote this solution Tfi{x,y;t,s), expand it by 
zero for t < s and consider the function 

r^,R(a;, y; t, s) = xix; t)T{x, y; t, s) + Tr{x, y; t, s). 

This function obviously solves the problem 

Cu = 5{x-y)5{t-s) in x R; uj^^^^g- = 0; u\^^^ = 0. 

It is easy to check that the definition of Tjc^r does not depend on the 
choice of the cut-off function. Using maximum principle, we obtain that 
Tjc^R increases with respect to R for all values of arguments and satisfies 
< T/c,R{x,y]t, s) < T{x,y;t, s). Therefore, there exists the limit function 
Tic satisfying ([27D and ([28D with f G V(/C x M). The estimate ([29]) follows 
from (1261). □ 



Similarly one can construct the Green function u{x; t) = Tic{x, y; t, s) for 
the operator C defined in ([9]). This function satisfies 

Cu = 5{x — y)5{t — s) in /C x M; '^\xedK.~^'^ ^\t<s~^' 

By changing of variables t ^ —t and s — > — s, we conclude that the function 
v{x; t) = Tic{x, y; —t, —s) solves the problem 

C*v = 6ix-y)5it-s) in JCxR; vl^^^ = 0; = 0, 

where C* = —dt — Aij{t)DiDj is operator formally adjoint to C. 

Using Green's formula for the functions u{x;t) = Tjc{x,yi]t, si) and 
v{x; t) = r/c(x, y2; -t, -S2) with si < t < S2, we get 



v{yi;si) = J J Cu ■ V dxdt = J J u ■ C*v dxdt = u{y2; S2), 

R K R fC 

which means 

^iciy, x; -s, -t) = fx:ix, y;t,s). (30) 

Remark 4. In what follows, we obtain various pointwise estimates for the 
Green function. These estimates depend only on the ellipticity constant v 
and the critical exponents ; moreover, they contain t and s only in the 
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combination t — s. Therefore, such estimates are valid for Green's functions 
of operators C and jC simultaneously (with interchange of and X~). 

Note that in our paper /5/ in the proofs of Lemma 4, Theorem 3 and 
Lemma 5 we argued that the Green function (in the half-space) is symmetric 
with respect to x and y. In fact, this is not the case. However, all corre- 
sponding estimates are true just by the statement of the previous paragraph, 
since in the case m = 1 considered in all the estimates depend only on u. 

Note also that, since the operators C and C are invariant with respect 
to translations along the edge, and Tjc depend actually on x', y' and the 
difference x" — y" . 

We shall use the notations 

7? = l^'l 7? 

3; I ,1 r. ' y 





\x'\ 




\x'\ 


\ + ^/t- s 





\y'\ 




\y'\ 


\ + ^/t- s 



Lemma 5. For < and A < A^ the following inequality 

|r^(x,y;t,.)| <C7^f 7^^"(t-.)'5 exp (^-^1^^^ (31) 

holds for x,y & IC and t > s. Here 0\ is a positive constant depending only 
on the ellipticity constant v and C may depend on v and A^. 

Proof. It is sufficient to prove the estimates for s = and x" = 0. First, let 
us prove the inequality 

T^{x,y-t,0) < Cnf rtexp . (32) 

If > t/3 then this estimate easily follows from ( 129|) . Consider the case 
< t/3. We take R = \ftj2 and apply ([7]) with = to the function 
u{x\ t) = Tk:{x, y; t, 0). This gives 

T,c{x,y;t,0)<cO-^y sup T^{z,y-T,0). (33) 
From ( p9|) it follows that for {z, r) G Q^(0; t) the inequality 



Tic{z,y;T,0) < Ct 2 exp 



o"iF - y\ 

t 



16 



holds with a certain positive cxi < a. Using this for estimating the right-hand 
side in ([3SD, we obtain ([32D and hence fl^ for A~ = 0. By Remark HJ we get 
a similar to ( 15^ estimate for Tjc^: 



T!c{x, y; t, r) < C7^^ {t - r)-t exp ( ) . (34) 



Due to (130|) this inequality leads to 

rc(a:, y; t, r) < Cn^' {t - r)-^ exp f -^1^^ ) . (35) 

Now we use the same arguments as above in order to prove fl3T]) in general 
case but instead of inequality fl29|l we use flM|) for estimating of supremum 
in the right-hand side of fl55]) . The proof is complete. □ 

Theorem 3. Let A+ < A+, A" < A^, and let \a'\, < 2. For x,y e K,, 
t > s the following estimates are valid 

it-s) 2 exp I J— — 1 , (36) 



(t - s) 2 exp I ^— — 1 , (37) 

where ai is a positive constant depending on u, e is an arbitrary small positive 
number and C may depend on v, \, a, (3 and e. If < 1 (or < 1) then 
the factor (respectively, Ty'^j must be removed from the right-hand side. 

Proof. It is sufficient to prove Theorem for s = 0. We start with the case 
/3 = in ( 136|1 and consider two alternatives: \a'\ < 1 and \a'\ = 2. 

Let I a' I < 1. First suppose that t > 4|x'p. Using Lemma [3] with R = 
we obtain 

|L»^r^(x,i/;t,0)| <Cr^^|xf^-l"'l sup T^{z,y-T,0). 

(z,r)eS^^/Jx;i) 
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By dan 

I 1 2 

Tdz. y\ r, 0) < Cn"; t-t exp ( - (12^^) for (z, r) G QfR/4(x; t) 



with some positive (T2. Therefore 



\D^^V^{x, y- 1, 0)1 < C7^^-l"'l7^J■ t-"^ exp ( - as- 



X - ?/| 



which gives fl36|) in the case /3 = 0, < 1 and t > 4|a;'p. 
Let now t < 4|x'p. Consider two subcases. 

Subcase 1: > S. We put R = mm{6\x'\/2, \/i/2}. Then the set 
Qnix^t) belongs to /C x M. Applying the local estimate from Corollary [1] to 
the function u{x; t) = Tic{x, y; t, 0), we obtain 

\D:T,cix,y;t,0)\<^ sup r^(2;, r, 0), (38) 

here a can be arbitrary multi-index. Using inequality ( 13T|) to estimate the 
Green function in the right-hand side, we obtain 



\D^T^{x,y;t,0)\ < C7^f 7^^"i^-l°lrt exp J^- 



o'2\x - y\ 
t 



(39) 



which gives ( 136|) in this subcase. 

Subcase 2: < S. Using Corollary |2] for the Green function, we get 



\D:Tjcix,y;t,0)\<-^ sup \Tjciz,y;T,0)l (40) 



where R = Vi/A. Using inequality ( pTll . we obtain 

|D:r^(x,i/;t,o)| < cn'^- r^^exp , (41) 

which leads to fl36l) in this subcase. 

Thus fl5Bl) is proved in the case (3 = and \a'\ < 1. 

We turn to the second alternative I a' I =2 and also consider two subcases. 
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Subcase 1: > 6. We again put R = min{5|a;'|/2, \/i/2} and apply the 
local estimate from Lemma [T] to the function u{x]t) = rj(:{x,y]t,0) in 
QR{x]t). This leads to 

\D^T,c{x,y;t,0)\ < sup \DfT^{z,y;T,0)l 

and the estimate ( 136|) with a' = and (3 = gives 

\D:T>c{x,y;tM < §7^r7^- exp {-"-^^^) • (42) 

Subcase 2: < 6. Using ([2D]) for u{x;t) = DfT,cix,y;t,0) with R = 
min{|a;'|/4, \/t/2}, we obtain 



d{xr\D:T^{x,y;t,0)\ < sup |Df r^(z, r, 0)|, 

{^,r)GQf (a;;*) 



and the estimate fl36|) with a' = and /3 = leads to 

rf(x)^|D°r^(x,y;t,0)| < -^7^f 7^^- r^exp (-^^^^) • (43) 
As g2]) as (I13D imply 

\D^Tic{x,y;t,0)\ < „ , ^Tk^ exp ' 



i?2(|x'| + v^)2 r^^f-^ "V ^ 

The first quotient here is bounded, and we arrive at f l36|) . 

Thus inequality fl36|) is proved in the case /3 = and |a;'| < 2. By Remark 
m we obtain that 

\D:f^{x,y;t,s)\ < Cn^r-\'^'\TZl\-/ 

(t _ ,)-— exp . (44) 

From dSD and ([30]) it follows that 

\DlV^{x,y-t,s)\ < C7^f 7^J"-I^'lr;^ 

(t _ s)-— exp ( -^L_^ j . (45) 
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This gives inequality f p6|l for a = and < 2. 

In general case \a'\ < 2 and < 2, we repeat the above proof (when 
/3 = 0) but instead of inequality (EI]) we use (jH]). This gives with 
arbitrary |q;'| < 2 and < 2. 

Finally, inequality ( 137|) follows from ( 136|) . since the derivative with respect 
to s can be expressed through the second derivatives with respect to y. □ 

Remark 5. To study the initial-boundary value problem (fTOj) . we need the 
Green function r^(x, y] t, s) only for t > s >0. In this case the estimates in 
Lemma\^ and Theorem\^ hold true for t > s > if we define and \~ as 
described in RemarkUl (taking into account the relation (I30p ). 

In what follows we denote by the same letter the kernel and the corre- 
sponding integral operator, i.e. 

t 

{gh){x;t) = j J Q{x,y;t,s)h{y]s) dyds. (46) 

-oo M" 

If necessary, all functions are assumed to be expanded by zero to the whole 
space-time. 



4 The weighted estimates in a wedge 

Theorem 4. Let 1 < p,q < oo, and let /i be subject to Suppose also 
that \x'\^f G Lp^qiJC X M). Then the function 



u{x]t)= / T,c{x,y;t,s)f{y;s)dyds (47) 




solves the problem ([3]) and satisfies the estimate ([6]). 

Proof. It is easy to see that for / G C^(/C x M) the function ( 147|) is a solution 
of ([3]). Therefore, it suffices to prove the estimate (j6]). 

First, we choose < A+ < A+ and < A^ < A~ such that 

2 X'^ < fi<m hA 

p p 
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and observe, that by fl3T|) the kernel Q = ^^jj^ ■ ^jc{x,y;t, s) satisfies the 
assumptions of Proposition [3] (with Ai = A+ — 2, A2 = A~, r = 2). Therefore, 
the operator Q is bounded in Lp(M" x M) and in Lp^^oi^"' x Generahzed 
Riesz-Thorin theorem, see, e.g., [TH 1.18.7], shows that this operator is 
bounded in Lp^q{W^ x M) for any q > p. For q < p this statement follows by 
duahty arguments. Thus, we obtain the inequality 

l\\xT\\l,g<C\l\x'rf\l,g. (48) 

Now we consider a point ^" G R""*", and, given p > 0, 7 > 1 define 

v,,,ie) = <(o,n \ sf,p(o,n = {xe}c ■. ^<\x'\<p, \x" - e\ < p}- 

For any ^" G M""™' and p > the inequality 
{\dtu\'' + \D{Du)\'') dtj dx 



<C J (^j (p-^^|M|^ + l/l^) dtj'^dx 



^2p,8«") 



easily follows from localization of the estimate Pi Theorem 4] . 
Using a proper partition of unity in /C, we arrive at 



/(/,ia,.rH-i.,(z..)r,*)"i.r^.. 

~^(/ (/ + /(/ \f\''dtj'\x'\^Pdx 



/CM /C 

This immediately implies ([6]) with regard of (148|) . □ 
To deal with the scale -Z^p,g, we need the following lemma. 

Lemma 6. Let a function h he supported in the layer \s — s^\ < 5 and satisfy 
f h{y; s) ds = 0. ^4/50 let p G (1, 00) and p be subject to (j4]). Then the 
integral operators Q and Qij with kernels 

^ = "iTTuT ■ ^'^(a;, y] t, s); g^j = — - ■ D^^D^Vk.{x, y; t, s) 
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satisfy 



\\iGh){-;t)\\, dt <C\\h\\,x, j mM-,mp dt < 

|t-s0|>25 |t-sO|>2<5 

where C does not depend on 5 and s°. 

Proof. By j h{y] s) ds = 0, we have 

t 

{Gh){x-t)= I I (g{x,y-t,s)-G{x,y-t,s'^)^h{y-s)dyds- (49) 



-oo K 

t 



{Qijh){x]t) = j J (^gij{x,y;t,s) - gij{x,y;t,s'^)^ h{y;s)dyds. (50) 

-oo /C 

We choose < A+ < A+, < A" < Ar and < e < min|i, 1 - - j such that 

TtX Tfl 

2 A+</i<m + A"-2£. (51) 

p p 



For \s — < 5 and t — > 25, estimates ( 137|) with |a| = and \a\ = 2 
imply 

s 

|^(x,?/;t, s) - ^(x,?/;t,s°)| < ^ |9^^(x, t, r)| rfr 



< C ^-t;^ exp , 

{t - s)2 \y'\^'r^ t-s \ t-s 



1 



s 

\Qij{x,y;t,s) - gij{x,y]t,s°)\ < j |(9^^y(x, t, r)| rfr 

(t - s)— ly'lt" rl^rl t - s \ t-s 
On the other hand, estimates (|3T1) and fl36l) with |a| = 2, =0 gives 

|^(x, t, s) - Gix, y;t,s)\<C _ ^^^y,^^ exp J 
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\Gij{x,y]t,s) - gij{x,y;t,s )| <C- ^ exp 

[t — s) 2 \y'\^^r^ 

Combination of these estimates gives 



\g{x, y; t, s) - g{x, y;t,s )\<C — ^ exp 





2e 


x'\ 


\^l-2 




w 


1 y 



t - s 



a\x — y\ 
t - s 



\Gij{x,y;t,s) - gij{x,y;t,s )| < , , exp . 

[t — s) 2 +^ ly rr^r^ V t — s J 

Thus, the kernels in (H9|) and ( 150|) satisfy the assumptions of Lemma [T0| 
respectively, with 

x = £, r = 2, £i = 0, £2 = Ai = A+ - 2, A2 = A" - 2^, 

and 

X = e, r = 0, ^1 = £2 = Ai = A^ — 2, A2 = A" — 2£. 
This completes the proof. □ 

Theorem 5. Let 1 < p^q < 00, and let fi be subject to Suppose also 
that \x'\'^f G Lpg{IC X M). Then the function (H7j) solves the problem ([3]) anc? 
satisfies the estimate 

Proof. As in Theorem HJ it suffices to establish the estimate (j5]). 

The estimate (EI) for g = p provides boundedness of the operators g 
and in Lp(]R" x R), 1 < p < 00, which gives the first condition in [21 
Theorem 3.8]. Lemma |6] is equivalent to the second condition in this theo- 
rem. Therefore, Theorem 3.8 |2] ensures that these operators are bounded 
in Lp^g(R" X R) for any q G For q G {p, 00) this statement follows by 

duality arguments. This implies the estimates of two last terms in ([5]). The 
estimate of the first term follows now from ([T]). □ 

Theorem 6. Under assumptions of Theorem (respectively, Theorem 
the function fB7]) is a unique solution of the problem (ED in the space ^ (^) 

(respectively, W^'^^^^^^). 



23 



Proof. Let ( = ({t) he a smooth function on IR+, which is equal to 1 for 
r < 1/2 and for r > 3/4. We put XRix;t) = Ci\x - y\/ R)C{,^\t - s\l R). 
Then equation ([3]) can be written as 

C-{xru) = fR (52) 

where 

fR = XRf + udtXR - uA,jDiDjXR - 2AijDiuDjXR. 
Multiplying ( l52l) by T^ciy, x; s, t) and integrating over /C x (— oo, s), we obtain 



u{y;s)=J J fR{x;t)Tjc{y,x;s,t)dxdt. (53) 

Since {x'l'^f, \x'\'^~'^u and, by Lemma El {x'l'^'^DjU belong to Lp q^K, x M) 
(respectively, to Lp^q{lC x M)), we have — \x'\^f in Lp^q{}C x M) (re- 

spectively, in LpqiJC X M)) as i? — 7- oo. Using Theorem E] (respectively. 
Theorem H]) we can pass to the limit in f lS^ as i? — )■ cxd and obtain 



u{y;s)= J J Tjc{y,x;s,t)f{x;t)dxdt. □ 

— oo K 



Remark 6. To deal with initial-boundary value problem ( ITOl) . one can extend 
Tic{x,y]t, s) and f{s) by zero for s < 0. In this case all statements of this 
Section hold true if we define and X~ as described in Remark\l\ (taking 
into account Remark\B\}. 



5 Solvability of linear and quasilinear Dirich- 
let problems 

Let be a bounded domain in M". We assume that there exists an {n — m)- 
dimensional submanifold without boundary ( "edge" ) Ai C dQ satisfying the 
following condition: for every point Xq & Ai there exists a neighborhood 
U{xo) and a diffeomorphism "^(xo) '■ U{xo) — B"^^ {Rq < 1 is a constant 
independent of Xq) such that 

L vi>(,„)(f/(xo)ni]) = B]^„n/C 

(note that K. = K.{xo) may depend on xq); 
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2. *(^„)(xo) = 0; 

3. *(.o)(c/(^o) n on) = n a/C(xo); 

5. the norms of the Jacobi matrices \&|^^^(a;) and {"if (^xo))' {"^ ixo){x)) are 

uniformly bounded with respect to G and to x e U{xo). 

Remark 7. Ifm = n then M. is not an edge but a conical point. In this case 
the wedge K, degenerates into the cone K. We do not exclude this case though 
it requires some trivial changes in notation which will not he mentioned in 
what follows. 

We introduce two scales of functional spaces: Lp^5^(^)((5) and Lp^5^(^)((5), 
with norms 

T 

\\f\Wi.),Q = \Mx)rf\WQ ={j {j {d{x)r\f{x;t)rdxY"dty' 

n 

and 

T 

mpMQ = = (/ (/ idix)rVi^;t)\my^\i:r}l'^' 

n 

respectively, where d{x) stands for the distance from x e fl to M.. For p — q 

these spaces coincide, and wc write Lp (^)((5). 

Wc denote by W^'^ , JQ) and W^'^ , JQ) the set of functions with the 
finite norms 

and 

respectively, satisfying boundary condition u\qiq = 0. 

We say dQ e if dfl\M e W^ i^^ and for any point xq e M the 

mappings ^(a;o)(a;) = \l/(2:o)(a;) — (a; — xq) have finite norms 

\\{d{x)rD{Du)^^,j^^ui.,^) + \mx)r-'^^,j 

p,U{xo)'i 

these norms are uniformly bounded with respect to xq. 
We set Ji{p,q) = 1 - ^ - ^. 
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5.1 Linear Dirichlet problem in bounded domains 

We consider the initial-boundary value problem 

£,u = dtu — aij{x; t)DiDjU + t)DiU = /(x; t) in Q, u\s'q = 0, (54) 

where the leading coefficients G C{Q — > Loo(0,T)) satisfy assumptions 
Ojj = aji and 



< CLiji^; t)^i^j < '^"^l^r. ^ e M", z/ = const > 0. 



We denote by Cxg the operator of the form ([T]) with frozen coefficients 
Aij{t) = aij{xQ;t) and define the quantities 

Xf= inf A±(/C(a;o),£.,). (55) 

xo£M 

Theorem 7. Let 1 < p, q < oo and 2-^-A+</i<m-^ + A~. 
1. Le^ 6j G ]Lp,g,(p)((5) where p and q are subject to 

q < q < oo; /i(p, g) = ' 

tf/iz/e /I satisfies 

/I = min{yU, max{/i(p, g), 0}}. (56) 
Suppose also that dQ G ^oo- Then, for any f G Lp ,j (^)((5), i/ie 

initial- boundary value problem (1541) /ias a unique solution u G ^^^(.^^(Q)- 
Moreover, this solution satisfies 



ll"llw^';,^,(Q)<c^ll/llp,.,M' 

where C does not depend on f . 

2. Let hi G Lp g (^)(Q) where p and q are subject to 

q>q- KVA)>^ 

p <p < OO] /i(p, g) = ' 

while Ji satisfies 15^) . Suppose also that dQ satisfies the same condition as in 
the part 1. Then, for any f G Lp_g^(^)((5), the initial-boundary value problem 
/ias a unique solution u G W^' J ^.^-^(Q). Moreover, this solution satisfies 

where C does not depend on f . 
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Remark 8. These assertions generalize [151 Theorem 2.1']. 

Proof. The standard scheme, see, e.g., [HI Ch.IV, Sect. 9], including par- 
tition of unity, local rectifying of dfl and coefficients freezing, reduces the 
proof to the coercive estimates for the model problems to equation ([T]) in the 
whole space, in the half-space and in the wedge /C. The first two estimates 
were obtained in [TOl Theorem 1.1] and [H Theorems 1 and 4]. The last one 
is established in our Theorems H] and [51 By the Holder inequality and the 
embedding theorems (see, e.g., [H Theorems 10.1 and 10.4]), the assumptions 
on bi guarantee that the lower-order terms in (1541) belong to desired weighted 
spaces Lp^g^(^)(Q) and Lp^q^(^)(Q) respectively. By the same reasons, the re- 
quirements on dQ ensure the invariance of assumptions on bi under rectifying 
of dQ in the neighborhood of a smooth point and under diffeomorphism "^(xo) 
in the neighborhood of Xq € A^. □ 



5.2 Quasilinear Dirichlet problem in bounded domains 



In this subsection we suppose, in addition to the assumptions 1-5 from the 
beginning of Section |5l that for any xq E Ai corresponding wedge }C{xo) is 
acute that is K{xo) C where < ^ does not depend on xq. 

We consider the initial-boundary value problem 



dtu 



{x;t;u;Du)DiDjU + a{x;t;u;Du) = in Q, 



u\d'< 



0. (57) 



We suppose that the first derivatives of the coefficients aij{x;t; z]p) with 
respect to x, z and p are locally bounded and the following inequalities hold 
for all (x; t) E Q, z eM} and p G with some positive z/ and Ui. 



\a{x;t;z;p)\ < z/i|p|^ + 6(a;; t)|p| + $(x;t). 



daij{x;t;z;p) 



dp 



< 



1^1 



^ daij{x;t; z;p) ^ daij {x; t; z; p) 



dz 



dx 



1 + ipr 

< vi\p\ + ^i{x-t). 



(5^ 



Similarly to the previous subsection, we denote by Cx^ the operator of 
the form ([1]) with frozen coefficients Aij{t) = aij{xo;t]0]0) and define the 
quantity by the formula (ISHj) . 



27 



Theorem 8. 1. Let the following assumptions be satisfied: 

(i) l<q<p<oo, li{p, q) > max{2 - ^ - A+, 0}; 

(ii) 2 - f - A+ < /i < q), one (^); 

(iii) functions aij and a satisfy the structure conditions (l58l) ; 

(iv) 6,$ G Lp,g,(^)(g); 

(v) $1 G Lp,,g,,(^i)(Q), gi < J9i < oo, fl{pi,qi) > max{;Ui,0}; 

(vi) a{-]z;p) is continuous w.r.t. {z,p) in the norm \\ ■ ||pq(^)Q- 

Then the problem ( 1571) has a solution u G WpJ^^^((5)- 
2. Let the following assumptions be satisfied: 

(i) 1 < p < g < oo, l) > max{2 - ^ - A+, 0}; 

(ii) 2-f-Xt<fi< Mp, q), dne WJ(^); 

(iii) functions aij and a satisfy the structure conditions (1581) : 

(iv) 6,$ G Lp,g,(^)(Q); 

(v) $1 G Lp^,q,,(^,)((5), Pi<qi<oo, > max{/ii,0}; 

(vi) a(-;2;;p) is continuous w.r.t. {z,p) in the norm ||| ■ |||p,q,(^),Q. 



Then the problem fl571) /ias a solution u G ^pq(^^){Q)- 

Proof. The proof by the Leray-Schauder principle is also rather standard, 
see, [m Ch.V, Sect. 6]. In the case when the leading coefficients are contin- 
uous in t, these assertions were proved in [151 Theorem 1.1]. 

Note that by Theorem 121 statement 4, the assumption 6 < 7t/2 implies 
> 1. This guarantees that for sufficiently large p and q the interval for fi 
in (ii) is non-empty. Further, since g) > 0, the assumption (ii) implies 
dQ \ Ai E C}^^. The solvability of the corresponding linear problem follows 
from Theorem [7] while required a priori estimates obtained in [15], see also 
[12] and [1], do not use continuity of aij with respect to t. □ 
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Note that in Theorem [8] for p > q we deal with Lp^g scale while for 

p < q we deal with Lp ,j scale. The reason is that all a priori estimates 

for quasilinear equations are based on the Aleksandrov-Krylov maximum 
principle. Up to now this statement is proved only if the right-hand side of 
the equation belongs to the space with stronger norm, see [13] and [T5] . 



6 Appendix 

Lemma 7. Let /i^ < z/^^Ax) + llli^j and let < ki < K2 < 1. Then the 



estimate 



\x 



'\^^'\Du\^dxdt+ / \x'\^^~^\u\^dxdt 



Sfi«(0;io) Sf^fl(0;to) 



KCR^"-^ J \u\'^dxdt (59) 



2f,«{0;io) 



holds for any function u G V(Q^(0; to)) satisfying The constant C may 
depends on fi, ki and k,2- 

Proof. Without loss of generality, we assume to = 0. Further, since the 
estimate ( 159|) depends only on K and z/, we can suppose R = 1; general case 
can be reduced to this one by dilation with respect to x and \/\t\. 

We put pe = (|a;'p + e)^/^, where e is a small positive number. Let us 
fix two real numbers Ri and R such that < Ri < R2 < I. We choose two 
smooth cut-off functions: x = x{^) supported in B^^ and equal to 1 on B^^ 
and ( = ({t) which is equal to 1 for t > —R\ and to for t < —R\. Then we 
have 

j Cu p'/ex'udx = ^ J u'ix;0)x'pTH'dx 

- j CXx^u''dxdt+ j Cx^Ajd^,Xp7^v)d^^^ip^,v)dxdt 

+ j eA^d^Xp7''v)p>d^,X^dxdt, (60) 



^R2 
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where v = p^u. Direct calculations together with ([2]) give 

j x^AAXp7''v)d.,{pMdx= J x^AA.vd.^^dx (61) 

—fx^ J p'^^'x^ AijXiXj\v\^ dx > J X^i^'^\Dv\'^ — p^ p^'^\v\'^) dx. 

Using the Hardy inequality 

1 |D../|W> (^^^^ + A^) I \x'\-M?dx' 

K K 

and the identity 

y x^\Dvfdx= J (\D{xv)\' + x^Xv')dx, 



we obtain 



j x^\Dv\^dx > + Ai,) j \x'\-^x^v^dx -c j v^dx. (62) 

Since £u = in Qf- then using (pTl) and ( l62l) . we derive from ( |60ll the 
following estimate 



0>^y" u^{x]Q)x^pl^\u\^dx- j pl^\u\^dxdt + 5 j x^\Du\^dxdt 
y C^X^v^Pl^dxdt- j C^Aiju'^d^^{pl''xdx,xix))dxdt, 



-,K qK 



where = (z/ — (5) + Ax>j — z/ ^yU^ is positive if 5 > is sufficiently 

small. Here we performed a partial integration in the last integral in ( |60l) . 
Taking the limit in the last inequality as e — 0, we get 

J (|xf^|DMp + |xf^~>|2)M<C J \x'\^^\u\^dxdt, (63) 
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where C depends on /i. If fi is positive then taking i?i = ki and R2 = 1^2 in 
fl^ . we obtain 



j \x'\^^-^\u\'^dxdt<C{^l) j \u\^dxdt. 



(64) 



Otherwise, iterations of fl63|) . without the first term in the left-hand side, 
again lead to flM|) . The estimate of the first term in the left-hand side of (|59|1 
follows from ([63]) and ([MD- □ 



Lemma 8. Let 1 < p,q < 00 and /i G M. For any u G q^(^) (respectively, 



u G W^p'g i/ie following estimate holds: 

\\\x'\^'-^Du\\p^q<C\\u\\^2,i ■ \\\x'\^-^Du\\p^q<C\\u\\^2,i . (65) 
Proof. For any ^" G M""™ and p > the inequality 

j p~'P\Du\P dx < C j {p-^P\u\P +\D{Du)\P) dx 

-PpMi") 7^2p,8(?") 

follows from standard embedding theorem (the set Vp^^{C,") is introduced in 
the proof of Theorem Hj) . 

Using a proper partition of unity in /C, we arrive at 

J \Duf\x'\"dx <C j {lulPlx'l^P-^P + \D{Du)\P\x'\''P) dx. 

K. K 

This implies the first estimate in (!65l) . 
In a similar way, the embedding 

\ p/<? 



/ (/,-.|i,.N.)".. 

7'p.2(€") ^ 

C j (^j {IdM" +\D{Du)\'' + p-^'^\u\'') dt^ dx 



< 

^2p,8(«") 

implies the second estimate in (1^ . □ 
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Lemma 9. Let a > —1, a + jS > —m, 

F{z', w') = exp(-(7|z' - w'\^)d{zTW\^{\z'\ + ly. 

Then 



1 = J F{z', w') dz' < C {\w'\ + 1)°+^+^, 



K 



where C may depend on a, a, (5, 7 and K. 

Proof. First, let \w'\ < 2. Then \z' - w'\ > max{|z'| - 2, 0}, and 

^<C J r^(e) de J exp(-(7 • max{r - 2, 0}')r'*+^+"^-'(r + 1)^ dr. 

w 

We recall that rz{Q) = x dist(0, doj). Since a > —1 and a-\- (3 > —m, 
both integrals converge, and we obtain I{w') < C. 

Now let = p > 2. Then we split X = Ii + I2, where 

7i= j F{z',w')dz', 72= J F{z',w')dz'. 

Since l^'j x p x p + 1 in B'^{w'), we obtain 

2 

h < Cp"+^+^ J exp(-(7|z' - ) r^(e) d^'. 



We split B'^1^{w') into layers \ B'^_^{w'), TV = 1, . . . , ff] , and esti- 

mate as follows: 

/i < Cp"+^+^ ^ exp(-a(7V - 1)2)7V" • / r^(e) < Cp"+'^+^. 

iV=l / 
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To estimate I2, we note that if > ^ then — w'| > ^ > f + If, 
otherwise, \z'\ < ^ then — w'| > | imphes again — w'l > f + Thus 



/i<Cexp(-^^ J r:{Q)dQ 

id 

j exp r"+^+"^-^(r + ly dr < Cexp i^- 



X 





16 

and the statement follows. □ 



The next lemma is a generalization of [H Lemma 10], see also Lemma 
3.2]. 

Lemma 10. Let 1 < p < 00, a > 0, x > 0, < r < 2, < £1 < ^, 

< £2 < 1 — ^; Ai + A2 > —m, and let /i satisfy 

Tfl Tfl 

Ai </i<m hA2. (66) 

p p 

Also let the kernel T(x, y; t, s) satisfy the inequality 

T(x, y]t,s)\ < C exp ■ , (67) 

for x,y E IC and t > s + 6. Then for any s° > the norm of the operator 

r : Lp,i(/Cx (s°-(5,s° + 5)) ^ i^p,i(/Cx (s° + 2(5,oo)) 
c?oes not exceed a constant independent of 6 and . 

Proof. Let h G be supported in the layer |s — s°| < S. Using f l67|) and 



the Holder inequality, we have 

t 

\irh)ix;t)\ < c j 



d'^ds 



(t-s) 



a\x 



-y?\ \h{y;s)\P ^ V 



/c 
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Denote by Xi the integral in the last large brackets. Using the change of 
variable x = w\/t — s, y = z\/t — s, and, in the case m < n, integrating with 
respect to z", we obtain 

^'-^J (t - srp'd{z'y^P'i\z'\ + 1)W <C[\x\ + Vt-s) . 

K 

(the last inequality is by Lemma |9]) . 

From this estimate and f l68|) . it follows that 



oo 

/ 



oo t 

\\{Th){--t)\\p dt < C I (/(/(/^^P(- 



a\x — y\' 
t - s 



sO+25 sO+25 K, -oo K 

Using Minkowski inequality, we estimate the right-hand side by 

oo 8^+5 



\x'\i>^^+t')p\h{y;s)\Pdydx 

X 



\X' 



oo 

< C I \\K-,s)\\,ds I ^— -_^.supX|, 



sO-<5 sO+25 

where 

a\x — 



X2 = / exp 



t-s ) {^\x'\ + ^t^f^+^^+^)Pr%^P^t-s) 



We apply the change of variables x = zy/t — s and y = w\/t — s and, in the 
case m < n, integrate with respect to z". This leads to 



K 



exp (— cr 


\z'-w'\ 




{t- sy-^d{z'y^p{\z'\ 


+ l)(Ai+M+»')P 



^2 = C ,r_l,, . , .W..„^... <Cit-s) 



rp 
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(the last inequality is by Lemma |9]) . 
Thus, 

oo oo 

\\{}Ch){-,t)\\pdt<C\\h\\p,i sup / jj ^<C\\h\\,,i, 

|s-sO|<<5 

sO+25 sO+2S 



it-s] 



which completes the proof. □ 

The next proposition is proved in [8], Lemmas A.l and A. 3 and Remark 
A. 2], see also P^, Lemmas 2.1 and 2.2]. 

Proposition 3. Let 1 < p < oo, a > 0, < r < 2, Ai + A2 > —m, and let fi 
satisfy (EQj- Suppose also that the kernel T{x,y;t, s) satisfies the inequality 



inx, y, t, .) I < C j^^-y^ ^ exp [-^r^ ) , (69) 

for t > s. Then the integral operator T is hounded in Lp{W^ x M) and in 
Lp^^iW X R). 
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